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Abstract

The dynamic behavior and control of a clamped rectangular plate with bonded piezoelectric ceramic
patches are investigated in this paper. The dynamic behavior is studied experimentally, showing that the
plate exhibits dense modes, varying residual stress and non-linearity. An adaptive non-linear control
scheme is then presented, which introduces a non-linear function into the normal adaptive feedforward
control to non-linearize a reference signal. Vibration reductions using both the normal adaptive
feedforward control and the adaptive non-linear control are compared in the cases of sinusoidal excitations
at the first nine modal frequencies of the plate and a swept-frequency harmonic excitation below 100Hz,
indicating that the adaptive non-linear control can suppress not only the fundamental frequency vibration
that the normal adaptive feedforward control can only attenuate, but also its higher harmonic components.
Significant vibration reduction achieved by the adaptive non-linear control demonstrates its validity and
reliability.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Smart structure technologies deal with sophisticated aspects of sensors, actuators, control and
signal processing. It involves multi-discipline knowledge, such as mechanics, physics, mechanical
engineering, control, and computers. Because of its large potential applications in the fields of
aerospace, civil engineering, shipbuilding, automobile, precision instruments, and machines, it has
been developed rapidly. For example, smart wings can provide more lift and/or better aero-elastic
dynamic performance by driving integrated actuators to change the curvature of a profile or the

ARTICLE IN PRESS

*Corresponding author. Present address: Intelligent and Composite Materials Laboratory, Department of

Mechanical Engineering, University of Hawaii at Manoa, 2540 Dole Street, Holmes 302, Honolulu, HI 96822, USA.

Tel.: +1-808-956-7946.

E-mail address: kougen@wiliki.eng.hawaii.edu (K. Ma).

0022-460X/03/$ - see front matter r 2002 Elsevier Science Ltd. All rights reserved.

doi:10.1016/S0022-460X(02)01220-8



leading- and trailing-edge angles of an airfoil. Smart rotors can have less vibration load and
longer fatigue-life. Among various smart structures, smart structures with piezoelectric ceramic
patches have received much attention in recent years, due to the fact that piezoelectric ceramic
materials have mechanical simplicity, small volume, light weight, large bandwidth, efficient
conversion between electrical and mechanical energy, and abilities of performing shape and
vibration control and being easily integrated into structures.
Smart structures may be time-variant and non-linear. It is a challenge to control such

structures. Conventional active controller design methods, e.g., eigenstructure assignment and
optimal control, require accurate mathematical models. But accurate models are almost
impossible for smart structures, because of non-ideal behavior, simplifications in modelling,
manufacture error, parts wear, and environment change. In this case, adaptive control may be an
attractive alternative.
There are two radically different adaptive control approaches: adaptive feedback control [1]

and adaptive feedforward control. Adaptive feedforward control was originally used for noise
control [2–4] and then extended to vibration control. Up to now, it has been studied in large space
structure control [5], civil structure vibration under seismic [6] or wind excitation [7], helicopter
vibration control [8], wing flutter suppression [9], and vibration reduction for automobiles [10]. Its
recursive capability makes it very suitable for digital signal processors (DSP). In the meantime,
the rapid development of digital signal processors also expedites the application of this
technology.
In terms of analysis and control of plates with piezoelectric ceramic materials, much work have

been done dealing with various geometric sizes, boundary conditions, PZT materials, control
methods, though most of them just considered linear and time-invariant plates. Lammering et al.
[11] investigated a rectangular steel plate (600� 500� 2mm3) supported by four screw joints. Two
small piezoelectric patches were bonded to the center of the lower and upper surfaces. A method
was presented that did not require special finite elements for the analysis of structures with
piezoelectric devices, but which used conventional finite elements. A qualitative good agreement
of the frequency response function was obtained between the experimental and the numerical
results. There were three modes below 100Hz. Lim et al. [12] developed a procedure to design an
optimal output feedback controller. In the procedure, a common finite element formulation for
the dynamic response of a piezoelectric material was employed. A modal analysis was then
conducted, and some of modal co-ordinates were selected to form a modal state space model.
Based on this modal state space model, an optimal output feedback controller was designed. The
procedure was applied to a clamped square aluminum plate (305� 305� 0.8mm3) with five pair
collocated piezoelectric ceramic sensors and actuators. Dynamic analysis and control system
simulations were performed. Suk-Yoon Hong et al. [13] investigated coupled mode optimal
control of the same plate as in Ref. [12] using approximately normalized eigenfunctions. The first
six modal responses were simulated. Instead of the optimal output feedback control in Ref. [12],
Chen et al. [14] utilized the independent modal space control (IMSC) method. Modal sensors and
actuators were proposed. A cantilevered aluminum plate (350� 50� 1.59mm3) with eight
piezoelectric ceramic patches for modal sensors and three piezoelectric ceramic patches for modal
actuators was chosen as a numerical example. The number of modes below 100Hz was two. In
Ref. [15], a 2-degree-of-freedom model was constructed for a structural dynamic system consisting
of a linear elastic plate with bonded piezoelectric ceramic sensors/actuators. Rate-feedback
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control, hybrid fuzzy-PID control, genetic algorithm-designed PID control and linear quadratic
Gaussian/loop transfer recovery (LQR/LTR) control were studied on a clamped rectangular
aluminum plate (711� 533� 1.27mm3) with five pair of collocated piezoelectric ceramic patches.
It provided an appropriate framework for optimization and robustness studies of vibration
control of flexible structures. The number of modes below 100Hz is four. Chantalakhana and
Stanway [16] studied a clamped–clamped aluminum plate with one or two piezoelectric ceramic
patches as actuators to realize active constrained layer damping. Modal control was employed.
The number of modes below 100Hz is two. Piezoelectric stack actuators were also used in Refs.
[17,18] to control the vibration of plates. A Kalman-estimator-based feedforward controller and
two support configurations were studied in Ref. [17]. In Ref. [18], four piezoelectric stack
actuators were located at each corner of the plate and optimal control was employed. The number
of modes below 100Hz was seven.
This investigation will focus on the adaptive non-linear control of plate structures using

piezoelectric ceramic sensors and actuators. A typical structure is considered here which consists
of a series of thin panels that are clamped around their individual boundaries by a continuous
metal frame. This typical structure can often be found in spacecrafts, launch vehicles, and
automobiles. It may exhibit dense modes, time-variant characteristics and non-linearity because of
its large size and small thickness. The paper includes five sections. First, the dynamics of the plate
is studied experimentally. An adaptive non-linear control scheme is then presented in Section 2. In
Section 3, the validity and reliability of the proposed scheme are investigated, and comparison is
made between the normal adaptive feedforward controller and the adaptive non-linear controller.

2. The dynamics of the experimental plate

Fig. 1 shows a rectangular steel plate with eight bonded piezoelectric ceramic patches. Its
dimension is 900� 600� 0.9mm3. The used piezoelectric ceramic patch is Sonox P53 with NiPt
electrodes, 0.2mm in thickness, 25mm in width, 50mm in length and 2.7 g in weight. Four of
them, denoted as S1–S4, are bonded on the upper surface as sensors, and the rest, named A1–A4,
collocated on the lower surface as actuators. The plate is clamped fully on its four edges by a
strong steel frame, as shown in Fig. 2.
First, the dynamic responses induced by an external disturbance (i.e., the dynamic responses of

the primary paths) are investigated. A shaker at point P1 of Fig. 1 is used to excite the plate. The
spectra of the sensors S3 and S4, as shown in Fig. 3, illustrate that there are 10 modes below
100Hz, indicating dense modes of the plate. During measurement, it was also observed that the
resonant frequencies vary from time to time. Fig. 4 shows the frequency response function
between the sensor S1 and the shaker at different measuring times, demonstrating the large
variation of the first resonant frequency. Curve 1 in Fig. 4 was measured at 12:45 am. Keeping on
vibrating the plate, curves 2–8 were measured at 1:15, 1:45, 2:15, 2:25, 2:40, 2:50, and 3:10 pm,
respectively. The first resonant frequency of the plate gradually decreases from 29.25 to 25.4Hz
(curves 1–6) with the excitation duration and tends to be steady after long-time vibration (curves
6–8). It has been learned that the cause of the variation of the natural frequencies is the pre-stress
distribution of the plate. Because the plate is so large and thin, with clamped boundary condition,
pre-stress is inevitable. The vibration changes the distribution of the pre-stress, and results in the
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Fig. 1. The plate.

Fig. 2. The experimental plate.
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variation of the natural frequencies. The natural frequencies tend to be steady, while the pre-stress
is well distributed. In addition, it is also found that the resonant frequencies of the plate vary
immediately, if the well-distributed stress is disrupted. Curve 9 in Fig. 4 shows this immediate
change of the first resonant frequency after the plate was hit by a hammer at 3:55 pm, resulting in
the change of the first resonant frequency from 25.4 to 26.3Hz. The effect of the pre-stress on
resonant frequencies has also been verified by finite element analysis considering the pre-stress in
Ref. [19].
Next, the frequency response functions of the secondary paths are measured and shown in

Fig. 5. In this figure, Sijði; j ¼ 1; 2; 3; 4Þ denotes the frequency response functions between the jth
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actuator (Aj) and the ith sensor (Si). It is demonstrated that the piezoelectric ceramic actuators
affect the response of the collocated piezoelectric ceramic sensors greatly, but weakly for the non-
collocated piezoelectric ceramic sensors, especially in the low frequency range. This means that the
effectiveness of actuators may be localized.
Non-linearity is inherent, because the plate is large and thin. Figs. 6 and 7 present the existence

of non-linearity. Fig. 6 shows the power spectra of the sensors S2 and S3 under a sinusoidal
excitation at the frequency of 30.2Hz through the actuator A1. Higher harmonic components
clearly appear and some are even larger than the fundamental component at some positions, e.g.,
at the position of the sensor S3. Fig. 7 gives the frequency response functions between the
piezoelectric ceramic sensor S1 and the actuator A1 for different actuator amplitudes. It shows
that the collocated sensor amplitude decreases while the collocated actuator amplitude rises. It
could be that the large actuator amplitude generates a large deformation in the neighborhood of
the actuator, resulting in a strong non-linearity and a small fundamental component.
Summarizing the above results, the plate has dense modes, is time-variant and non-linear.
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Fig. 5. Frequency response functions between different actuators and sensors. (a) Actuator A1: ——, S11; —&—, S21;

—J—, S31; —X—, S41. (b) Actuator A2: ——, S12; —&—, S22; —J—, S32; —X—, S42. (c) Actuator A3: ——, S13;

—&—, S23; —J—, S33; —X—, S43. (d) Actuator A4: ——, S14; —&—, S24; —J—, S34; —X—, S44.
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3. Adaptive non-linear control

The responses of the sensors S1–S4 in frequency domain can be written as
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E2ðsÞ
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E4ðsÞ
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i.e.,

EðsÞ ¼ SUðsÞ þ PDðsÞ; ð2Þ
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where EiðsÞ (i ¼ 1; 2; 3; 4), UjðsÞ (j ¼ 1; 2; 3; 4) and DðsÞ are the Laplace transforms of the responses
of the sensors S1–S4 eiðtÞ; the control signals of the actuator A1–A4 ujðtÞ and the external
disturbance dðtÞ; respectively. Sij (i; j ¼ 1; 2; 3; 4) and Pi (i ¼ 1; 2; 3; 4) are transfer functions of the
secondary paths and the primary paths of the plate.
Eq. (1) can also be written in the time domain

eiðkÞ ¼
X4
j¼1

XN

n¼1

sijðnÞujðk � n þ 1Þ þ
XM

m¼1

piðmÞdðk � m þ 1Þ; ð3Þ

in which sij ; pi are the impulse responses of the transfer functions Sij and Pi in lengths of N and M;
respectively.

3.1. Adaptive feedforward control

The principle of adaptive feedforward control is drawn in Fig. 8. Its evident feature is the
introduction of a so-called reference signal X; which is an external signal correlated with the
external disturbance D: The objective of adaptive feedforward control is to tune the controllerW
adaptively to drive the error E to minimum (ideally zero).
Control signal uj is usually written as the convolution of the controller weight wj and the

reference signal, i.e.,

ujðkÞ ¼
XL

l¼1

wjlxðk � l þ 1Þ; ð4Þ

where L is the length of the impulse response of the controller, and x is the reference signal.
Substituting Eq. (4) into Eq. (3), yielding

eiðkÞ ¼
XM

m¼1

piðmÞdðk � m þ 1Þ þ
X4
j¼1

XN

n¼1

sijðnÞ
XL

l¼1

wjlxðk � n � l þ 2Þ

¼
XM

m¼1

piðmÞdðk � m þ 1Þ þ
X4
j¼1

XL

l¼1

wjlrijðk � l þ 1Þ; ð5Þ

where

rijðkÞ ¼
XN

n¼1

sijðnÞxðk � n þ 1Þ ð6Þ

ARTICLE IN PRESS

S 

P 

W 

D 

E U X 

Fig. 8. Adaptive feedforward control.

K. Ma / Journal of Sound and Vibration 264 (2003) 835–850842



is called the filtered-x signal. In practice, for calculating rijðkÞ; sijðnÞ has to be estimated on-line or
off-line [20], i.e., sijðnÞ in Eq. (6) must therefore be replaced by #sijðnÞ:
How to adjust the controller is very important in this control method. It depends on controlled

structures, disturbance, complexity of algorithms, and the hardware of computer control systems.
There are many adaptive filtering algorithms, e.g., the least mean square (LMS) algorithm, the
recursive least square (RLS) algorithm, the fast transversal filtering algorithm (FTF) and the
gradient-based least square (GLS) algorithm. The LMS algorithm requires little calculation, but
the normal LMS algorithm converges slowly. The RLS algorithm requires a little more
calculation than for the LMS algorithm for a low order filter, but it can produce a faster
convergence. The GLS algorithm takes advantages of both the LMS and the RLS algorithms, and
can provide small computational complexity and quick convergence rate [20].
The LMS algorithm is widely used because of its low computation cost. Its cost function is

JðkÞ ¼
X4
i¼1

e2i ðkÞ: ð7Þ

The controller weight can be recursive by

wjlðk þ 1Þ ¼ wjlðkÞ þ m
@JðkÞ
@wjl

; ð8Þ

@JðkÞ
@wjl

¼ 2
X4
i¼1

eiðkÞrijðk � l þ 1Þ; ð9Þ

where m is the convergence factor.
For the plate, the lengths of the impulse responses of the transfer functions Sij and the

controller are set as 400 and 300, respectively, and the sampling frequency is set as 1000Hz. As
mentioned above, there are four sensors and four actuators in the plate. Adaptive feedforward
control was supposed to be realized in the dSPACE real-time control system, unfortunately, it
could not bear so much computation. A simplification of the controller configuration is needed to
make real-time computation possible.
Here, advantage is taken of the fact that the piezoelectric ceramic actuators have very weak

effects on the responses of the non-collocated piezoelectric ceramic sensors. This fact means that
the diagonal elements in the S matrix of Eq. (1) are larger than the off-diagonal elements, and the
off-diagonal elements may be neglected. Using this feature results in the following two benefits.
First, this neglect decreases the computational complexity greatly. The computation of the
filtered-x signals is reduced to 25% of its previous amount, because only rii (i ¼ 1; 2; 3; 4) are
computed in Eq. (6); moreover, much computation is saved in the adaptation of Eqs. (8) and (9).
Second, this neglect results in a decentralized adaptive feedforward control strategy, and each
decentralized adaptive control subsystem consists of one pair of collocated piezoelectric ceramic
sensor and actuator. It is well known that collocated sensors and actuators are advantageous from
the viewpoint of stability [12].
Fig. 9 depicts the configuration of the control system, which consists of the plate, SVR150-3 (3

channels) and LE150/025 (1 channel) amplifiers for the piezoelectric ceramic actuators with 50V
DC offset, four Kemo analog low-pass filters with cut-off frequency 200Hz, a shaker and its
amplifier, ONO SOKKI FFT analyzer and the dSPACE real-time control system. The plate is
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excited by the shaker using a sinusoidal signal generated by the ONO SOKKI FFT analyzer at the
frequencies of the different modal frequencies of the plate. This sinusoidal signal is also taken as
the reference signal.
Fig. 10 shows the responses of the sensor S1 under sinusoidal excitations at the first four modal

frequencies, respectively. Because of the non-linearity, each response contains higher harmonic
components. From this figure, it is concluded that the control results are not satisfactory. Table 1
lists the amplitudes of the power spectra. It can be seen that the fundamental component is almost
suppressed by the adaptive feedforward controller (AFC) for each modal frequency excitation,
but the higher harmonic components remain, even are slightly enhanced. It indicates that the
adaptive feedforward controller is not capable of reducing the higher harmonic components.

3.2. Adaptive non-linear control

Adaptive feedforward control is not available to control the higher harmonic components in
responses. This is just because the reference signal does not correlate with the higher harmonic
components in these responses. In order to solve this problem, one idea proposed here is to
introduce a non-linear functional block into the adaptive feedforward control strategy. This non-
linear functional block must have the following capability: it receives an input reference signal
that only contains the fundamental component and its output contains both the fundamental and
higher harmonic components, i.e., it can non-linearize the reference signal. The schematic diagram
of this control scheme is drawn in Fig. 11. The non-linear functional block may be a polynomial
or other ordinary non-linear functions, e.g., saturation. Here a polynomial is used, that is

f ðx; ai; kÞ ¼
XNN

i¼1

aix
iðkÞ; ð10Þ
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where ai and NN are the coefficients and the order of the polynomial. Control signals in Eq. (4)
can then be changed as

ujðkÞ ¼
XL

l¼1

wjlf ðx; ai; k � l þ 1Þ: ð11Þ
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Substituting Eq. (11) into Eq. (3) results in

eiðkÞ ¼
XM

m¼1

piðmÞdðk � m þ 1Þ þ
X4
j¼1

XN

n¼1

sijðnÞ
XL

l¼1

wjlf ðx; ai; k � n � l þ 2Þ

¼
XM

m¼1

piðmÞdðk � m þ 1Þ þ
X4
j¼1

XL

l¼1

wjlr
0
ijðk � l þ 1Þ; ð12Þ

where

r0ijðkÞ ¼
XN

n¼1

sijðnÞf ðx; ai; k � n þ 1Þ: ð13Þ

The recursive LMS algorithm can be denoted as

wjlðk þ 1Þ ¼ wjlðkÞ þ m
@JðkÞ
@wjl

; ð14Þ

@JðkÞ
@wjl

¼ 2
X4
i¼1

eiðkÞr0ijðk � l þ 1Þ: ð15Þ

An evident question is how to determine the coefficients ai in the polynomial. If they are not
properly determined, the control algorithm may be difficult to be made stable. A simple and
effective method adopted here is that of setting these coefficients on-line. Generally, for harmonic
vibration control, the required order of the polynomial is low, for example, the fourth order
polynomial is enough for the considered plate vibration reduction.
The adaptive non-linear control can be simplified as adaptive feedforward control, if a1 ¼ 1 and

ai ¼ 0 (i ¼ 2; 3; 4;y;NN) in Eq. (10).
Fig. 12 shows the responses of the sensor S1 under the sinusoidal excitations at the first four

modal frequencies, respectively, using the adaptive non-linear control. It can be easily seen that
these results are much better than those shown in Fig. 10, though the non-linearity of the plate
causes higher harmonic components in these responses. Table 1 also indicates that the harmonic
components of interest (below 200Hz) are fully suppressed by the adaptive non-linear controller
(ANC). For example, while the plate is excited by a sinusoidal signal at the first plate modal
frequency, the fundamental, the second, third and fourth harmonic components of the sensor S1
decrease by 86, 50, 38, and 13 dB, respectively. The responses of the sensors S2–S4 demonstrate
the same results.
Fig. 13 illustrates the vibration reduction of the sensors S1–S4 in the case of a swept-frequency

harmonic excitation from 0 to 100Hz. Table 2 shows the amplitude of the power spectrum of each
sensor at six modal frequencies. The amplitudes are decreased on average by 11.1, 18.1, 18.8, 20.9,
17.0, 4, and 20.1 dB, respectively. This figure also shows that a small control is obtained between
70–80Hz where a vibration mode is present. It is mainly due to the fact that the decentralized
adaptive non-linear control strategy is under the assumption that the collocated sensors and
actuators predominate, but this assumption is not satisfied well in this frequency range as shown
in Fig. 5.
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Table 1

The amplitudes of power spectra in dB

Frequency (Hz) Fundamental The second harmonic The third harmonic The fourth harmonic

UC AFC ANC UC AFC ANC UC AFC ANC UC AFC ANC

26 �13.6 �90 �100 �43 �41.7 �92 �62.2 �63.8 �100 �60.3 �59.5 �73

37.5 �15.2 �88 �80 �27.2 �25.4 �77 �33.6 �31.2 �73 �36.4 �33.1 �47

42 3.4 �90 �90 �29 �31 �67 �44.6 �44 �50 �37.4 �34.9 �37.4

52.5 3.7 �90 �80 �14.8 �16.8 �68 �34 �36 �53 �37 �44 �49.3

63 �4.4 �90 �90 �29.7 �41.4 �58 �45.7 �55.5 �51.3 �54.2 �65.5 �67

83 0.8 �89 �90 �15.4 �13.7 �47 �41.5 �41.6 �40.6

89.5 �6.8 �90 �90 �31.5 �49 �68

103 �10 �90 �90 �30 �32.8 �32

110 �3.2 �85 �85

Note: UC: uncontrolled AFC: adaptive feedforward control ANC: adaptive non-linear control.
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Fig. 13. The spectra of different sensors for a swept-frequency harmonic excitation: (a) sensor S1, (b) sensor S2, (c)

sensor S3, (d) sensor S4; ——, without control; —W—, with control.

Table 2

The response spectrum amplitudes of different sensors in dB

Frequency (Hz) 25 36 42 53 64 76 84

Sensor S1 Uncontrolled �38.0 �39.0 �30.4 �29.9 �35.5 �36.4 �31.9

Controlled �50.2 �61.4 �50.0 �51.3 �53.3 �41.2 �55.1

Difference 12.2 22.4 19.6 21.4 17.8 4.8 23.2

Sensor S2 Uncontrolled �39.4 �51.2 �30.9 �30.7 �35.7 �37.1 �46.4

Controlled �50.0 �65.5 �51.7 �52.3 �53.8 �41.5 �61.2

Difference 11.6 14.3 20.8 21.6 18.1 4.4 14.8

Sensor S3 Uncontrolled �41.7 �43.8 �30.9 �28.4 �33.7 �30 �28.6

Controlled �51.7 �62.7 �48.9 �47.9 �50.0 �34.3 �50

Difference 10.0 18.9 18.0 19.5 16.3 4.3 21.4

Sensor S4 Uncontrolled �47.1 �38.3 �33.5 �28.9 �32.2 �49.2 �28.6

Controlled �57.6 �55.0 �50.0 �50.0 �47.7 �51.6 �49.5

Difference 10.5 16.7 16.5 21.1 15.5 2.4 20.9
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4. Conclusions

In this paper, the dynamic behavior, control and experiment of a clamped rectangular plate
with bonded piezoelectric ceramic patches are investigated. The plate exhibits dense modes,
varying inherent characteristics and non-linearity. An adaptive non-linear control scheme is
proposed which introduces a non-linear function into the adaptive feedforward control to non-
linearize the reference signal. Both adaptive feedforward control and the adaptive non-linear
control are realized in the dSPACE real-time control system, and the vibration reduction is
compared for both controllers in the cases of sinusoidal excitations with the first nine modal
frequencies of the plate, and a swept-frequency harmonic excitation. The evident higher harmonic
vibration reduction of the adaptive non-linear control scheme demonstrates its validity and
reliability.
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